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Çàäà÷i öüîãî çìàãàííÿ íå ìîæíà ðîçãîëîøóâàòè äî ¨õ ïîÿâè

íà î�iöiéíîìó âåá-ñàéòi IGO: igo-o�
ial.ir

1. A
ute-angled triangle ABC with 
ir
um
ir
le ω is given. Let D be the midpoint of AC, E be the foot of

altitude from A to BC, and F be the interse
tion point of AB and DE. Point H lies on the ar
 BC of ω

(the one that does not 
ontain A) su
h that ∠BHE = ∠ABC. Prove that ∠BHF = 90
◦
.

1. Äàíî ãîñòðîêóòíèé òðèêóòíèê ABC ç îïèñàíèì êîëîì ω. Íåõàé D � ñåðåäèíà AC, E � îñíîâà

âèñîòè, ïðîâåäåíî¨ ç A äî BC, òà F � òî÷êà ïåðåòèíó ïðÿìèõ AB òà DE. Òî÷êó H îáðàëè íà äóçi BC

êîëà ω (òié, ùî íå ìiñòèòü òî÷êó A) òàê, ùî ∠BHE = ∠ABC. Äîâåñòè, ùî ∠BHF = 90
◦
.

2. Two 
ir
les Γ1 and Γ2 meet at two distin
t points A and B. A line passing through A meets Γ1 and Γ2

again at C and D respe
tively, su
h that A lies between C and D. The tangent at A to Γ2 meets Γ1 again

at E. Let F be a point on Γ2 su
h that F and A lie on di�erent sides of BD, and 2∠AFC = ∠ABC. Prove

that the tangent at F to Γ2, and lines BD and CE are 
on
urrent.

2. Äâà êîëà Γ1 òà Γ2 ïåðåòèíàþòüñÿ ó äâîõ ðiçíèõ òî÷êàõ A òà B. Ïðÿìà, ùî ïðîõîäèòü ÷åðåç òî÷êó

A, âäðóãå ïåðåòèíà¹ Γ1 òà Γ2 ó òî÷êàõ C òà D âiäïîâiäíî, ïðè÷îìó A ëåæèòü ìiæ C òà D. Äîòè÷íà

â òî÷öi A äî Γ2 âäðóãå ïåðåòèíà¹ Γ1 â òî÷öi E. Íåõàé F � òî÷êà íà Γ2 òàêà, ùî F òà A ëåæàòü ïî

ðiçíi ñòîðîíè âiä BD òà 2∠AFC = ∠ABC. Äîâåñòè, ùî äîòè÷íà â òî÷öi F äî Γ2 òà ïðÿìi BD i CE

ïåðåòèíàþòüñÿ â îäíié òî÷öi.

3. Consider a triangle ABC with altitudes AD, BE, and CF , and ortho
enter H . Let the perpendi
ular

line from H to EF interse
ts EF , AB and AC at P , T and L, respe
tively. Point K lies on the side BC

su
h that BD = KC. Let ω be a 
ir
le that passes through H and P , that is tangent to AH . Prove that


ir
um
ir
le of triangle ATL and ω are tangent, and KH passes through the tangen
y point.

3. �îçãëÿíåìî òðèêóòíèê ABC ç âèñîòàìè AD, BE i CF òà îðòîöåíòðîì H . Íåõàé ïðÿìà, ïðîâåäåíà

ç H ïåðïåíäèêóëÿðíî äî EF, ïåðåòèíà¹ EF , AB òà AC ó òî÷êàõ P , T òà L âiäïîâiäíî. Òî÷êà K íà

ñòîðîíi BC ¹ òàêîþ, ùî BD = KC. Íåõàé ω � êîëî, ÿêå ïðîõîäèòü ÷åðåç H òà P òà äîòèêà¹òüñÿ äî

AH . Äîâåñòè, ùî îïèñàíå êîëî òðèêóòíèêà ATL òà ω äîòèêàþòüñÿ, ïðè÷îìó KH ïðîõîäèòü ÷åðåç ¨õíþ

òî÷êó äîòèêó.

4. 2021 points on the plane in the 
onvex position, no three 
ollinear and no four 
on
y
li
, are given. Prove

that there exist two of them su
h that every 
ir
le passing through these two points 
ontains at least 673 of

the other points in its interior. (A �nite set of points on the plane are in 
onvex position if the points are

the verti
es of a 
onvex polygon.)

4. Äàíî 2021 òî÷îê íà ïëîùèíi ó îïóêëîìó ïîëîæåííi, æîäíi òðè ç ÿêèõ íå ëåæàòü íà îäíié ïðÿìié

i æîäíi ÷îòèðè íå ëåæàòü íà îäíîìó êîëi. Äîâåñòè, ùî ñåðåä íèõ çíàéäóòüñÿ äâi òàêi, ùî âñåðåäèíi

áóäü-ÿêîãî êîëà, ÿêå ïðîõîäèòü ÷åðåç öi äâi òî÷êè, ìiñòÿòüñÿ ïðèíàéìíi 673 iíøèõ òî÷îê. (Ñêií÷åííà

ìíîæèíà òî÷îê íà ïëîùèíi çíàõîäèòüñÿ ó îïóêëîìó ïîëîæåííi, ÿêùî öi òî÷êè ¹ âåðøèíàìè îïóêëîãî

ìíîãîêóòíèêà.)

5. Given a triangle ABC with in
enter I. The in
ir
le of triangle ABC is tangent to BC at D. Let P and

Q be points on the side BC su
h that ∠PAB = ∠BCA and ∠QAC = ∠ABC, respe
tively. Let K and L

be the in
enters of triangles ABP and ACQ, respe
tively. Prove that AD is the Euler line of triangle IKL.

(The Euler line of a triangle is the line going through the 
ir
um
ir
le and ortho
enter of that triangle.)

5. Äàíî òðèêóòíèê ABC ç iíöåíòðîì I. Âïèñàíå êîëî òðèêóòíèêà ABC äîòèêà¹òüñÿ äî BC ó òî÷öi

D. Íåõàé P òà Q � òî÷êè íà ñòîðîíi BC òàêi, ùî ∠PAB = ∠BCA òà ∠QAC = ∠ABC âiäïîâiäíî.

Íåõàé K òà L � iíöåíòðè òðèêóòíèêiâ ABP òà ACQ âiäïîâiäíî. Äîâåñòè, ùî AD ¹ ïðÿìîþ Åéëåðà

òðèêóòíèêà IKL. (Ïðÿìà Åéëåðà òðèêóòíèêà öå ïðÿìà, ùî ïðîõîäèòü ÷åðåç öåíòð îïèñàíîãî êîëà òà

îðòîöåíòð öüîãî òðèêóòíèêà.)

Time: 4 hours and 30 minutes. /×àñ: 4 ãîäèíè 30 õâèëèí.

Ea
h problem is worth 8 points. /Êîæíà çàäà÷à îöiíþ¹òüñÿ ó 8 áàëiâ.


