8" Tranian Geometry Olympiad: Advanced level
November 5, 2021 / 5 smcronasa, 2021

3a,uaqi ObOro amMaraHHA He MO2KHa po3roJiomyBaTHu a0 X mosiBu

Ha odiniitnomy BebG-caiiti IGO: igo-official.ir

1. Acute-angled triangle ABC' with circumcircle w is given. Let D be the midpoint of AC, E be the foot of
altitude from A to BC, and F be the intersection point of AB and DE. Point H lies on the arc BC' of w
(the one that does not contain A) such that ZBHE = ZABC'. Prove that ZBHF = 90°.

1. Jlago rocrpokyruuii tpukytauk ABC 3 ommcammm kosom w. Hexaii D — cepequna AC, E — ocHoBa
Bucoru, nposeaeroi 3 A 1o BC, ta F' — touka meperuny npsvux AB ta DE. Touky H obpasm ma xy3i BC
Kosta w (Tiii, mo He Micturh T0UKy A) tak, mo /BHE = ZABC. Jloectu, mo ZBHF = 90°.

2. Two circles I'; and I's meet at two distinct points A and B. A line passing through A meets I'y and 'y
again at C' and D respectively, such that A lies between C' and D. The tangent at A to ['; meets I'; again
at E. Let F' be a point on I'; such that F' and A lie on different sides of BD, and 2/AFC = ZABC'. Prove
that the tangent at F' to ['s, and lines BD and C'E are concurrent.

2. /IBa kosa I'y ta I'y mepermrarorbcst y aBox pizamx toukax A ta B. Ilpsma, 10 IpoxoguTh depe3 TOUKY
A, Bapyre neperunac I'y ta I's y Toukax C' ta D Bigmosigno, npuiomy A jgexxnrs mizk C' ta D. Jlornana
B rouni A so 'y Bapyre neperunae I'y B rouni E. Hexaii F — rouka Ha 'y raka, mo F 1a A Jexkarb 1o
pizui croponn Bijg BD ta 2/AFC = ZABC. Jlosectn, mo goruana B Touni F' g0 I's ta npsmi BD i CE
HEepeTHHAIOTHCS B OJIHIH TOYIII.

3. Consider a triangle ABC' with altitudes AD, BE, and C'F, and orthocenter H. Let the perpendicular
line from H to E'F intersects EF, AB and AC at P, T and L, respectively. Point K lies on the side BC
such that BD = KC. Let w be a circle that passes through H and P, that is tangent to AH. Prove that
circumcircle of triangle AT'L and w are tangent, and K H passes through the tangency point.

3. Posrustnemo tpukyrauk ABC' 3 Bucoramu AD, BE i C'F ra opronenrpom H. Hexaii npsima, npoBejeHa
3 H nepuenjukyusipao jgo EF, neperunac EF, AB ta AC' y roukax P, T ra L Biganosigno. Touka K Ha
croponi BC' € rakoro, mo BD = KC. Hexaii w — Ko.J10, sIKe IpoXogauTh depe3 H ta P Ta g0THKAETHCS J10
AH. JloBecru, mo ommcane koo tpukytanka AT L ta w gorukarorbess, npaaomy K H mpoxonnrs depes ixHro
TOYKY JIOTHKY.

4. 2021 points on the plane in the convex position, no three collinear and no four concyclic, are given. Prove
that there exist two of them such that every circle passing through these two points contains at least 673 of
the other points in its interior. (A finite set of points on the plane are in convex position if the points are
the vertices of a convex polygon.)

4. /lago 2021 TO090K Ha HJIOHIAHI V OMYKJOMY IOJIOKEHHI, KOJHI TPH 3 SIKAX He JIe?KaTh Ha OJHIH IpsIMiif
1 2KOJTHI 90THPH He JIeXKaThb Ha OJHOMY KoJl. /loBectTwm, 1mo cepeq HEX 3HAHAVTHCS JABI Taki, MO BCEPETHHI
OY/Ib-5IKOr0 KOJIa, sIKe IMPOXOJUTH 9epe3 Ii JBi TOYKH, MIcTsThCs npuHaiivuai 673 inmmx rodok. (CkiHyeHHA
MHO?KHHA TOY0OK Ha H.]IOH[I/IHi 3HaAXO/JUTbCs Yy OILYKJIOMY HOJIO)I(OHHi, AKIIO I[I TOYKH € BepHIMHaMHu OIlYyKJIOI'O
MHOI'OKYTHHKA. )

5. Given a triangle ABC with incenter /. The incircle of triangle ABC is tangent to BC' at D. Let P and
@ be points on the side BC such that /PAB = Z/BCA and ZQAC = ZABC, respectively. Let K and L
be the incenters of triangles ABP and ACQ), respectively. Prove that AD is the Euler line of triangle I K L.
(The Euler line of a triangle is the line going through the circumcircle and orthocenter of that triangle.)

5. /lano tpukyrauk ABC' 3 innentpom I. Bruucane koo rpukyranka ABC jgorukaerbest g0 BC' y rouqri
D. Hexaii P ta (Q — rouku Ha croponi BC rtaki, mo /PAB = /BCA 1a ZQAC = ZABC' BijoBijgHo.
Hexaii K ta L — ianmearpu tpukytaukiB ABP ta AC(Q) Biamosigao. /loBectu, mo AD e mpsmoro Eiirepa
rpukyrauka [ K L. (Ilpsva Eiitepa TpukyTHHKA 11 MpsMa, IO MPOXOJHTH 4epe3 [MEHTD OMHCAHOTO KOJIa Ta
OPTOIEHTP [OI'O TPUKYTHHKA. )

Time: 4 hours and 30 minutes. /Yac: 4 roquan 30 xBrnH.
Each problem is worth 8 points. / Koxkna 3a1a49a omiHOeTbCs y 8 6aiB.



